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We consider a scalar field action for which the Lagrangian density is a power of the massless 
Klein-Gordon Lagrangian. The coupling of gravity to this matter action is considered. In this case, 
we show the existence of nontrivial scalar field configurations with vanishing energy-momentum 
tensor on any static, spherically symmetric vacuum solutions of the Einstein equations. These 
configurations in spite of being coupled to gravity do not affect the curvature of spacetime. The 
properties of this particular matter action are also analyzed. For a particular value of the exponent, 
the extended Klein-Gordon action is shown to exhibit a conformal invariance without requiring the 
introduction of a nonminimal coupling. We also establish a correspondence between this action 
and a non-relativistic isentropic fluid in one fewer dimension. This fluid can be identifled with the 
(generalized) Chaplygin gas for a particular value of the power. It is also shown that the non- 
relativistic fluid admits, apart from the Galileo symmetry, an additional symmetry whose action is 
a rescaling of the time. 



I. INTRODUCTION 

The fundamental tenet of General Relativity is the 
manifestation of the curvature of spacetime produced 
by the presence of matter. This phenomena is encoded 
through the Einstein equations that relate the Einstein 
tensor (with or without a cosmological constant) to the 
energy-momentum tensor of the matter, 

G^^ + Ag^^ = kT^„. (1) 

Since the energy-momentum tensor depends explicitly on 
the metric, both sides of the equations must be solved 
simultaneously. 

In the first part of this paper, we address the following 
question: for a fixed geometry solving the vacuum Ein- 
stein equations, is it possible to find a matter source cou- 
pled to this spacetime without affecting it. Concretely, 
this problem consists of examining a particular solution 
of the Einstein equations for which both sides of the 
equations vanish, i. e. 

G^. + Ag^, = = KT^,. (2) 

In three dimensions, such gravitationally undetectable 
solutions have been obtained in the context of scalar 
fields nonminimally coupled to gravity with a negative 
cosmological constant Recently, the same problem 
has been considered in higher dimensions but with a flat 
geometry 

In our case, we show that for any static, spherically 
symmetric vacuum solutions of the Einstein equations 
(eventually with a cosmological constant), a particular 
matter source action can be coupled to this geometry 
yielding to non-trivial solutions of the equations |(2J). This 
matter source is described in {D, 1) dimensions by an 
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extended Klein-Gordon action, 

J d'^xdt ^ {g'^'' V^9 V.ey , (3) 

where 9 is the dynamical field and a is a real parameter 
whose range will be fixed later. For a — 1, this action 
reduces to the well-known massless Klein-Gordon action. 

The derivation of solutions of the equations 10) is 
shown to be equivalent of finding a null vector field fc^ 
(for the vacuum metric g^i,) which derives from the scalar 
field 9. For a static, spherically symmetric spacetime, the 
derivation of vector fields satisfying these conditions is 
always possible. In this case, the potential 9 can be ex- 
pressed as a general smooth function that depends only 
on a null coordinate. 

The existence of these gravitationally undetectable so- 
lutions is essentially due to the particular form of the 
matter action For this reason, we investigate some 
properties of this matter action in the second part of this 
paper. In particular, the symmetries of the extended 
Klein-Gordon action Q are analyzed. It is shown that 
for the particular value a = {D + l)/2, this action ex- 
hibits a conformal invariance for which the conformal 
weight of the scalar field 9 is zero. In contrast with 
the massless Klein- Gordon action, this conformal sym- 
metry is achieved without requiring the introduction of 
a nonminimal coupling. Finally, we establish a corre- 
spondence between the relativistic action Q and a non- 
relativistic isentropic fluid defined in one fewer dimen- 
sion. The clue of this correspondence lies in the fact 
that the non-relativistic space-time can be viewed as the 
quotient of a higher-dimensional Lorentz manifold by the 
integral curves of a covariantly, lightlike vector field 
For a — 1/2, this non-relativistic fluid is identified with 
the Chaplygin gas while for < a < 1/2, the model 
corresponds to the generalized Chaplygin gas. Note that 
the Chaplygin cosmology provides an interesting setup 
to explain that the expansion of the universe is acceler- 
ating 0, and 0. The Chaply gin gas has also raised 
a growing attention because of its connection with the 
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Nambu-Goto action 0], its rich symmetrical structure 
I^J and its supersymmetric extension For a general 
review on this topics see ^3 works on supersymmet- 
ric fluid models are reported in The features of the 
Chaplygin gas can also be understood in a Kaluza-Klein 
type framework |12| | as well as in its relativistic formu- 
lation 1^3- The symmetries of the non-relativistic fluid 
are also investigated and it is shown the existence, apart 
from the Galileo symmetry, of an additional symmetry 
whose action is a time rescaling. 

The paper is organized as follows. We first derive solu- 
tions of the equations l(2Jl for the energy-momentum ten- 
sor associated to the extended Klein-Gordon action 
In the remaining sections, we discuss some general fea- 
tures of the matter action. In particular, we explain the 
origin of the conformal invariance of the extended Klein- 
Gordon action for the particular value a = {D + l)/2. 
The last part of the paper is devoted to the correspon- 
dence between the relativistic matter action and a non- 
relativistic isentropic and polytropic fluid in one fewer 
dimension. The symmetries of this non-relativistic fluid 
are also analyzed. 



II. STEALTH SOLUTIONS 

We consider the action of (_D -I- 1)— dimensional gravity 
coupled to a scalar field 9 with dynamics described by the 
extended Klein- Gordon action (O, 



,(4) 



where R is the scalar curvature and k is the gravitational 
constant. The field equations obtained by varying the 
metric and the scalar field read respectively 



(5a) 



= 0, (5b) 



where the energy-momentum tensor is given by 



9t.u i^aOw^er ■ (6) 



We look for a particular solution of the Einstein equa- 
tions H5a() for which both sides of the equations vanish 
(0). We first show that the equation T^^ = implies 
some restrictions on the scalar field 9 and on the real 
parameter a. Indeed, independently of the background 
metric, the vanishing of the energy-momentum tensor is 
possible only if the scalar field satisfies V „6V^9 = 0, 
otherwise the metric would be proportional to 



and, hence its determinant would vanish. Consequently, 
the condition T^v = can be consistently achieved only 



for a scalar field satisfying Vo-^'V'^^ = and for a > 1 
because of the form of the energy- momentum tensor l^. 
It is interesting to note that under these conditions, the 
extended Klein-Gordon equation l|5bp is automatically 
satisfied. 

In sum, the system described by the particular Einstein 
equations l(2Jl together with the extended wave equation 
(|5b|l is equivalent of finding a vacuum metric and a null 
vector field that derives from 9, 



k>'k'' = 0, 



(7) 



We now show that a static and spherically symmetric 
spacetime geometry always admits such vector field JT)!. 
Indeed, let us consider such geometry which in addition 
is supposed to solve the vacuum Einstein equations. The 
line element is given by 



-f{r)h{r)dt^ + 



dr^ 
W) 



r2 dT.l_^, 



(8) 



where dTjjj_T^ is the line element of the {D — 1)— dimen- 
sional sphere. It is simple to see that the vector field 
defined by 



1 



1 



is null and derived from the potential 

dr 



5'i 



f{r)VW) 

Hence, any smooth function of this potential (|10|l 
/ r df 



(9) 



(10) 



(11) 



is a solution on the vacuum spacetime metric of the con- 
straint 



g'"'V^9V,9 = 0. 



(12) 



This result is not surprising and can be explained as fol- 
lows. The null coordinates u and v associated to the 
spacetime ((HJ can be deflned as 



u — t 



dr 



dr 



(13a) 
(13b) 



and, in these coordinates, the metric ((HJ takes the fol- 
lowing form 



ds' 



-f{r)h{r)dudv + dY.^^_^ 



(14) 



Consequently, any smooth function F of one of the null 
coordinate, i. e. F(u) or F(v), will provide a nontrivial 
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solution to the equation H12() . In the original coordinates 
this solution becomes precisely (jllf) . 
Thus, we have shown that the curvature of vacuum 
spacetime ^ may not react to the presence of matter 
source described by the action ^ provided the scalar 
field is given by the expression The existence of such 
configurations is a direct consequence of the particular 
form of the matter action. In what follows, we analyze 
some properties of this action. 



III. PROPERTIES OF THE EXTENDED 
KLEIN-GORDON ACTION 

We first show that the matter action Q can be derived 
from the action of a massive complex scalar field with 
Lagrangian given by 



C 



(15) 



where we have set the mass to unity for simplicity. We 
consider a self-interacting potential V given by 



V{\<i>\) = A($$*)~ 



(20) 



where A is a constant. In this case, the action p8|l be- 
comes 



S= / d'^xdt^ 
Jm 



, (21) 



and the function / can be eliminated in favor of the phase 
6 through the equation of motion H19a|l . 

Finally, the substitution of this last expression into the 
Lagrangian (|21|l yields the extended Klein-Gordon action 



where V denotes a potential that depends only on the 
module of the scalar field. Decomposing the scalar field 
as 



/ 



(16) 



where m represents the mass of the complex scalar field, 
the Lagrangian density (|15(l becomes 

c = ^S^'^m/S./ + \f a^^d^Bd^d -f i/(/V™').(i7) 

As shown below, this expression reduces to the extended 
Klein-Gordon Lagrangian ||2Jl provided the first term in 
H17|l is neglected or eliminated and also for a particular 
election of the potential. One possibility to eliminate 
the first term is to consider an effective potential that 
depends also on the derivatives of the scalar field. 

In this case the starting Lagrangian (|15|) with this poten- 
tial reduces to 



(18) 



One can also reach to this expression H18|l by neglecting 
the first term of (|17|l by considering the scale of the inho- 
mogeneities as corresponding to the spacetime variations 
of / on scales greater than to~^, i. e. 9;^/ << to/. This 
has been considered in the context of cosmology to show 
that the generalized Chaplygin gas can be described by 
a generalized Born-Infeld Lagrangian 5]. 

The field equations resulting from the variation of the 
Lagrangian H18|l read 



(/V^5^''V,^) =0. 



(19a) 



(19b) 



A. Conformal symmetry 

In (D -I- 1) dimensions, the extended Klein-Gordon ac- 
tion ||2J) possesses the conformal invariance for a value of 
the parameter a given by 



(22) 



Indeed, it is simple to see that the trace of the energy- 
momentum tensor vanishes for this value, 

g^^-T^, = [2a -(D + \)\ (d^Od'^e)'' . 

The implementation of this symmetry on the scalar field 
9 is with a zero conformal weight. 



q2 



(23) 



Various comments can be made with respect to this con- 
formal symmetry. Firstly, in contrast with the standard 
Klein-Gordon action this conformal symmetry is achieved 
without the introduction of the nonminimal coupling. 
Moreover, it is interesting to note that the scalar field ac- 
tion remains unchanged against the transformations 
(PI. i. e. 

S d + 1 (r^^ Q/uy. 9) = S d+1 (q,,.,y, 9). 

Finally, the origin of this conformal invariance can be 
explained as follows. It is well-known that in {D + I) 
dimension with D > 1, the following generalized Klein- 
Gordon Lagrangian density 

+\ ($$*)^ (24) 

is conformally invariant. Here R represents the scalar 
curvature of the metric and the last term in (|24|l is the 
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unique potential that preserves the conformal invariance. 
For convenience, we rewrite this action in terms of the 
module and the phase, $ = /e'^, 

+A/^, (25) 

and the implementation of the conformal symmetry on 
the dynamical fields is given by 

f^n^f, 9^9 (26) 

A simple but tedious computation shows that the term 
proportional to Rf^ is precisely introduced to cancel the 
variation of the term df^ fd^f under the conformal trans- 
formation (|26|l . Consequently, if one drops this kinetic 
term (as we did in the previous derivation), the following 
Lagrangian 

CiD,i) = If 9^''d^9dJ + A (27) 

also exhibits the conformal invariance. This expression 
corresponds precisely to the Lagrangian (|21|l for the con- 
formal value of the parameter a given by H22|) . 



to |(2IJ read 

L^'^{d,9){d.9) = -^p^, (29a) 
2 a — 1 

5m {pV^9''''d,9) = 0, (29b) 

where for convenience we have substituted by p. In 
order to fix the set up of the Kaluza-Klein type frame- 
work, we consider the Minkowski metric written in the 
light-cone coordinates 

ds^ = 2dtdz + dx^ , (30) 

for which the lightlike vector field ^ can be chosen to be 
i^d^ = dz- Since p is the module and 9 the phase of the 
complex scalar field (|lt)|l , the analogue of the equivariance 
condition ipSjl is given by 

eO^^p = =^ p = p(t, x) (31a) 
^^'d^9 = l=^9{t,x,z) = Q{t,x) + z. (31b) 

It is easy to see that on the fiat background H3U|I and 
for fields p and 9 satisfying the conditions (|31|l . the rel- 
ativistic field equations l|29|) project onto the following 
(Z? — 1, 1)— dimensional non-relativistic equations 

dtp + V ■{pVQ)^Q, (32a) 



B. Non-relativistic fluid 

We now establish a correspondence between the rel- 
ativistic action (jS)) defined in (-D, 1) dimensions and a 
non-relativistic fluid in {D — 1,1) dimensions through 
a Kaluza-Klein type framework. The clue of this cor- 
respondence lies in the fact that the quotient of a 
Lorentz [D, 1)— manifold by the integral curves of a 
covariantly constant and lightlike vector fleld ^ is a 
(£) — 1, 1)— manifold which carries the geometric struc- 
ture of non-relativistic space-time 

We first illustrate this framework with a simple ex- 
ample. On the Lorentz manifold we consider a coordi- 
nate system given by (i, x, z) where (t, x) are the coordi- 
nates on the non-relativistic space-time and z represents 
the additional coordinate. Let $ be a complex scalar 
field satisfying the wave equation in (£*, 1) dimensions 
together with an equivariance condition 



□$ = 



(28a) 
(28b) 



This system of equations (|28ll has been shown to be 
strictly equivalent to the free Schrodinger equation in 
(Z? — 1, 1) dimensions on a general Newton-Cartan space- 
time (3- 

In our case, we consider the action defined in H21|) 
which has been shown to be equivalent to the extended 
Klein-Gordon action J^Jl. The field equations associated 



ivei 



Aa 



1' 



(32b) 



These equations turn out to be the non-relativistic equa- 
tions of an isentropic, irrotational and polytropic fluid. 
Indeed, identifying 9 as the potential velocity, i. e. 
V = V0 and p as the density, the first equation H32a|l 
is a continuity relation while the gradient of the second 
equation (j32bp yields an Euler equation of an isentropic 
fiuid with pressure given by 



A 



P = 



(33) 



For a potential strength A > and for a = 1/2 (resp. for 
< a < 1/2), the relation (|33|l represents the state equa- 
tion of the Chaplygin gas (resp. the generalized Chaply- 
gin gas). Finally, we remark that the field equations H32|l 
can be derived from the following action principle 



S{p,Q) 



'^xdt 



ate + -|ven -HAp^ 



(34) 



In what follows, we study the symmetries of the non- 
relativistic fluid model whose dynamics is described by 
the equations 



1. Non-relativistic symmetries 

We analyze the dynamical symmetries of the non- 
relativistic isentropic fiuid described by the equations 
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(|32|l . This model being non-relativistic possesses the ap- 
propriate symmetry, namely the Galileo symmetry. The 
action of this symmetry on the coordinates is given by 

' t^T = t + e 

X = nx + 6- pt 

where TZ G SO{D — 1), e, 5 and (3 are the parameters as- 
sociated to the rotations, the time translations, the space 
translations and the Galileo boosts respectively. The im- 
plementation of the Galileo symmetry on the dynamical 
fields reads 



and 



P P(t,x) ^ piT,X), 



e ^ e{t,x) = e{T,x) + (3 ■ X - -\ 



The application of the Nocther theorem yields to the fol- 
lowing constants of motion 



H 
P 

M, 



(35a) 



d^'-'xH^J i 

d^-^xP ^ J d^-^x {pVe), (35b) 
d"-^x {x^Vj - XjVi) , (35c) 



G =tP- 



,D~1 



X [xp), 



(35d) 



which corresponds to the energy e, the momentum (5, the 
rotations TZ and the Galileo boosts (3 respectively. The 
equations are also invariant under a shift of the velocity 
potential by constant, -^0-1- constant, and the associ- 
ated conserved charge is given by 



N 



iD-l 



X p. 



(36) 



The corresponding Lie algebra generated by iJ, P, Mij , G 
and N is the Galileo algebra with a central extension 
given by and corresponds to the Galileo 2— cocycle. 

• For a generic value of the parameter a, there exists 
an additional symmetry which does not belong to the 
Galileo group. This symmetry acts on the coordinates 
by rescaling only the time 



X ^ X = X, 



(37) 



while its action on the dynamical fields is given by 
p^p(t,x) =e2("-iVp(T,X), 

e ^ e(t,x) = e'^e(T,x), (38) 

or infinitcsimally 

Sp = 2{a - l)p{t, x) + tdtp{t, x), 

SQ = e{t,x) +tdteit,x). (39) 



The associated conserved quantity reads 
(3 -2a 



Ba — tH — 



2a + 1 
(2a- 1) 
2a 



d^-^x (pG)- 
j d^-^x (x-VQ)p. 



(40) 



This expression is clearly not defined for a — —1/2 in 
spite of the fact that this value is not singular at the 
level of the transformations H37|l and 1)38(1 . In fact, a 
careful application of the Noether procedure shows that 
for a = —1/2 the associated conserved quantity does not 
involve the energy density and instead is given by 



S_i/2 = / d^'-^X 



pe-i(f-ve)p 



(41) 



In the case of the Chaplygin gas, a = 1/2, the last piece 
of the expression H4(J|) vanishes and the Nocther charge 
corresponds to the one derived in 8]. Interestingly, for 
a ^ 1/2, the two conserved charges (|40|l and (|41|1 involve 
a piece proportional to the space coordinate x. This fact 
is intriguing since the transformations H37|l only affect the 
time and not the space coordinate. This can be explained 
by the fact that, under the infinitesimal changes of the 
dynamical fields H39|l. the variation of the action l(34|l 
becomes 

A5 = S{p + 5p,<d + 6Q)- S{p,Q) (42) 

= (2a- i)5(p,e) + j dtipdtite)- po + tn], 



where Ti represents the density energy H35a|) . For a = 
1/2, this variation H42|l reduces to a surface term and, 
hence a direct application of the Noether theorem yields 
to the conserved charge (|40|) . For a ^ 1/2, the reason for 
which the transformation 1(37(1 still acts as a symmetry is 
due to the fact that the original action can also be written 
as a surface term. Indeed, using the equations of motion 
1(32(1 ■ the action ((34(1 can be expressed on-shell as 



5(p,e) 



2a 



^ y d^-^xdt 9t (2pe-pf • Ve)(43) 



As a consequence, for a ^ 1/2, the variation AS* of the 
action 1(42(1 under the time dilatation transformation 1(37(1 
is also a surface term. This proves that these transfor- 
mations act as a symmetry for the action and also the 
reason for which the conserved quantities l(4U() and 1(41(1 
involve the space coordinate x. 

For a generic value of the parameter a, the group struc- 
ture of the symmetries is given by the semidirect sum of 
the Galileo group with central extension Q with the gen- 
erator associated to this extra symmetry ((4U(I . 



G = gt<B. 



(44) 



There exist two particular values of the parameter a 
for which the symmetry group can be larger than the one 
discussed before ((44(1 . 
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• For the value a = 1/2, which corresponds to the 
Chaplygin gas, it has been shown that, apart from the 
time dilation H37(l , there exists an extra symmetry whose 
action is field dependent, i. e. 



and 



i ^ T = t + icD • (f + X) 
x-*X = f + u;e(T,X) 

P P{t,x) = /?(T,X)|^ 

e ^ e(i,x) = e(T,x) 



(45) 



(46) 



where \ J\ is the Jacobian of the transformation, J = 
det (9X^/i9a;'^), [8|. The Noether conserved quantity is 
given by 



D= I d"-^xdt (^xH-ev^ 



(47) 



and the group structure generated by the quantities ((33 > 
(|40|l and (|47|l is the Poincare group in one higher dimen- 
sion, namely in (_D, 1) dimensions. The existence of this 
symmetry is due to the fact that for a = 1/2, the action 
expressed in terms of & can be written as a square root. 



S ■ 



,D-l 



xdt \ dtO 



ivei 



and this later can be seen to descend from a Nambu- 
Goto action in one higher dimension in the light cone 
parametrization 0- This explains the arising of the 
Poincare symmetry only for a = 1/2 since for the other 
values of a, the action is not a square root and hence it 
is not longer parametrization invariant. 

• In (£) — 1, 1) dimensions and for a value of a given 
by {D + l)/2, the polytropic fluid exhibits a Schrodinger 
symmetry for which the group structure is the semidi- 
rect sum of the static Galileo group with SL{2,]R), (see 
^3 and for an extension to discontinuous flows see 
|16|'). The arising of this symmetry is a consequence of 
the conformal symmetry of the relativistic model in one 
higher dimension. 



IV. DISCUSSION 

Here, we have considered the Einstein equations with 
a matter source scalar field. The dynamics of the scalar 



field is described by an extended Klein-Gordon action 
that depends on a real parameter a. We have restricted 
ourselves to a particular class of solutions for which both 
sides of the Einstein equations vanish. In this case, we 
have shown that for any static, spherically symmetric 
vacuum solutions of the Einstein equations, a nontrivial 
scalar field with zero energy-momentum on-shell can be 
derived. This means that this matter source in spite of 
being coupled to gravity does not affect the curvature of 
the spacetime. An interesting work will consist to see 
whether scalar field with a non-zero energy momentum 
tensor can be coupled to black hole geometry. The ex- 
istence of these undetectable solutions is essentially due 
to the form of the matter action. For this reason, some 
properties of this action have been analyzed. In par- 
ticular, we have shown that the extended Klein-Gordon 
action possesses a conformal invariance for a particular 
value of the exponent a. This invariance does not re- 
quire the introduction of the nonminimal coupling as it is 
the case for the standard Klein-Gordon action. We have 
also established a correspondence between this extended 
Klein-Gordon dynamics and a non-relativistic isentropic 
fluid in one fewer dimension. This gas can be identified 
with the (generalized) Chaplygin gas for specific values 
of the parameter a. The non-relativistic model corre- 
sponds to an irrotational, isentropic and polytropic fluid. 
This fluid admits, apart from the Galileo symmetry, an 
additional symmetry. The action of this extra symmetry 
on the coordinate consists of a rescaling of the time only. 
An interesting work will consist of finding solutions of 
this non-relativistic fluid and to make use of this extra 
symmetry to generate non trivial solutions. 
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